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Thermal Conductivity and Gaseous Microscale Transport

Mark Calvert* and John Baker†
University of Alabama in Birmingham, Birmingham, Alabama 35294

Previously, many numerical and analytical investigations into gaseous microscale � ows have consisted
of applying special boundary conditions to continuum-based formulations of the governing equations.
These boundary conditions describe velocity slip and temperature jump conditions at solid/� uid interfaces
for microscale � ows. Noncontinuum effects within the � ow� eld interior are indirectly simulated by this
approach, causing these formulations to become inaccurate with increasing rarefaction. A modi� ed ther-
mal conductivity relation has previously been shown to successfully model heat transfer through micron-
sized gaps in areas such as insulations and contact regions. This paper reports results from an investi-
gation that used this modi� ed thermal conductivity approach in conjunction with continuum-based
formulations of the governing equations to simulate pressure-driven, gaseous microscale � ows. Compar-
isons against a traditional formulation for thermal conductivity in continuum-based governing equations
indicate that use of modi� ed thermal conductivity relations signi� cantly affect the calculation of heat
transport characteristics for gaseous microscale � ows within the transition regime. Momentum transport
characteristics do not show a similar trend. It is concluded that the use of thermophysical property models
that transition from continuum to free molecular-based behavior is a viable approach to simulating
microscale � ows, and that further research in this area is needed.

Nomenclature
C = numerical constant
cp = speci� c heat at constant pressure
cv = speci� c heat at constant volume
Lc = characteristic length
M = molecular mass
p = pressure
qc = heat conduction by Fourier’s law
qFM = free-molecular heat transfer
qw = wall heat � ux
R = gas constant
T = temperature
Te = characteristic of molecular force potential
u = velocity
x, y = spatial coordinates
g = ratio of speci� c heats
k = thermal conductivity
l = molecular mean free path, (m /r) p/(2RT )Ï
m = dynamic viscosity
r = density
s = collision diameter of molecules
sv = specular re� ection coef� cient, momentum
sT = specular re� ection coef� cient, energy
tw = shear stress at the wall
Vv = collision integral

Dimensionless Parameters
C f = friction factor, tw/(ru2/2)
Ch = Stanton number, qw/rucp(To 2 T̄ )
Kn = Knudsen number, l/h
Pr = Prandtl number, cpm /k
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Subscripts
h = one-half of the microchannel height
N = noncontinuum
slip = slip conditions
wall = solid boundary conditions
0 = reference condition

Introduction

I NTEREST in gaseous microscale � ows has intensi� ed over
the last decade. Re� nement of methodologies typically used

to create integrated circuits has allowed the construction of
mechanical components with characteristic lengths measured
on the order of microns. This has begun a new area of tech-
nology called microelectromechanical systems (MEMS). This
new technology has been used to manufacture devices such as
actuators, sensors, compressors, and pumps with physical di-
mensions on the order of microns.1,2 The technology associated
with MEMS also has potential bene� ts far exceeding appli-
cations typically envisioned for microscale machines. By etch-
ing microchannels on the surfaces of integrated electronics, it
is possible to increase the surface area for heat transfer without
greatly increasing the size and weight of the components.
These factors are extremely important, as are those associated
with aerospace applications. The dif� culty with gaseous mi-
croscale transport is that scaling laws traditionally applied in
heat transfer and � uid dynamics do not capture the true be-
havior of transport in the microscale regime.3 Rather than rar-
efaction effects being the result of reduction in density, mi-
croscale transport behavior results from a decrease in the
length scales associated with the � ow� eld.

Pfahler et al.4 � rst experimentally investigated gaseous � ows
through microchannels. They found that the friction coef� cient
for microscale � ows decreased as rarefaction increased along
the length of the microchannel, rather than remaining constant
as in larger channels. This decrease was attributed to a de-
crease in effective viscosity caused by increasing noncontin-
uum effects. Ho and Tai3 observed that the mass � ow rate
through microchannels was greater than would be expected
from traditional, continuum-based � uid behavior. They also
found that the pressure gradient along the length of the channel
was nonlinear in nature. Experimental pressure data could only
be graphically collapsed through nondimensionalization by use
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of a combined viscous-stress/ length-based scale, implying that
viscous forces have greater signi� cance in microscale � ows
than inertial forces.

Arkillic and Breuer5 analytically developed an expression
for velocity distribution for pressure-driven, microscale
Couette/Poiseuille � ows in the slip-� ow regime using � rst-
order Maxwell velocity slip-boundary conditions. These
boundary conditions have traditionally been used with the re-
duced pressure conditions associated with rare� ed � ows. This
analytical expression assumed that gradients in thermal con-
ductivity and viscosity were negligible within the � ow� eld.
The analytical solution compared favorably with experimental
data for microchannel � ows. Further investigations6,7 revealed
that the nonlinearity of the pressure gradients along the length
of a microchannel decreased with increasing rarefaction. Har-
ley et al.8 experimentally and numerically investigated com-
pressible microchannel � ows. They found that deviations of
pressure normal to the � ow direction were negligibly small.
They also found that use of a � rst-order slip-boundary con-
dition in their two-dimensional numerical model gave results
that were in agreement with the experimental data for the slip-
� ow regime.

Beskok and Karniadakis9 computationally and analytically
investigated heat and momentum transfer characteristics of mi-
croscale � ows. They used modi� ed boundary conditions based
on the Maxwell/Smoluchowski boundary conditions that were
expanded higher-order terms in terms of a Knudsen number.
The Knudsen number is de� ned as the ratio of the molecular
mean free path to a characteristic length associated with the
� ow� eld. Results indicated that heating of the microchannel
reduced the volumetric � ow rate. Further investigation re-
vealed that increased Knudsen numbers reduced the nonlin-
earity of the pressure distribution in the microchannel and de-
creased compressibility effects. Their models gave favorable
results in comparison with experimental data for rare� ed � ows
through millimeter-sized channels.10

Calvert11 used the Burnett equations to model microscale
� ows in the transition regime. The model used consisted of
pressure-driven, microscale Poiseuille � ows of helium between
isothermal walls of differing temperatures. Results from test
cases using these formulations revealed that the use of higher-
order constitutive relations did not yield qualitative differences
from the formulations that used the Navier– Stokes constitutive
relations for � ows with Knudsen numbers less than 1. The
higher-order constitutive terms acted as minor corrections to
the lower-order terms rather than representing any phenome-
nological behavior related to noncontinuum effects.

Previous investigations into the effects of noncontinuum
conditions on thermophysical properties have focused on de-
termining formulations to accurately predict conductive heat
� ux through microscale gaps. These modi� cations typically
involved modifying the thermal conductivity to calculate an
effective thermal conductivity for application in the area of
insulations, typically for cryogenic applications. Smolu-
chowski � rst noted a decrease in thermal conduction with in-
creasing rarefaction in granular insulators, which led to the
derivation of the temperature-jump boundary condition.12 Kist-
ler13 investigated the heat transfer through gas bubbles in silica
aerogels. He assumed that all molecular interactions were with
solid interfaces and developed a modi� ed thermal conductivity
that accounted for these effects. The actual heat � ux was used
to estimate the average size of bubbles within the aerogel.
Verschoor and Greebler14 investigated the thermal conduction
through � brous insulations. Like Kistler, they found that the
normal thermal conductivity of the gas overestimated heat
transfer by conduction. The reduction of heat transfer in the
slip-� ow and transition regimes because of noncontinuum ef-
fects was equivalent to the addition of a length of magnitude
[DT /(dT /dn)] to the width between the solid walls for a � uid
in the continuum regime.12 Wesley and Yovanovich15 found a

similar relationship for gaseous gap heat conductance between
the fuel and the clad of a nuclear fuel rod.

Noncontinuum effects on the apparent viscosity of � uids in
the transition regime has been reported by Beenakker et al.16

Using kinetic theory, they investigated molecular transport in
nanometer channels where most or all molecular interactions
are with the solid surface. They found that the presence of
thermal gradients in the solid wall caused phonon– molecule
interactions that produced a drag on the � uid in the direction
of increasing temperature gradient. This effect was found to
be inversely proportional to the square of the channel diameter.
The authors noted that this effect might be noticeable in the
micrometer range but would be insigni� cant in the millimeter
range. No formulation of viscosity developed to account for
this effect has been reported in the literature.

The focus of this research is to compare two different ther-
mal conductivity formulations for modeling microscale trans-
port. The � rst formulation examined will be a model using
formulations of the Navier– Stokes x-momentum and energy
equations with traditional formulations of thermal conductiv-
ity. The second formulation will use a modi� ed thermal con-
ductivity model that compensates for decreasing heat transfer
because of gas rarefaction. These different formulations are
outlined and the computational scheme used in this investi-
gation is described. Details are presented as to solution con-
vergence and validity when compared to experimental data.
Comparisons will also be made between the different formu-
lations in terms of velocity and temperature characteristics in
the microchannel as well as comparisons of friction factor and
Stanton number. Conclusions are then drawn from the results
obtained in this investigation.

Formulation
The thermophysical properties of viscosity and thermal con-

ductivity are measures of interactions between molecules
within a � uid. Viscosity measures the intermolecular forces
between molecules that cause � uids to resist shear. Thermal
conductivity measures the ability of energetic molecules to
transfer energy to molecules with less energy. These properties
relate molecular interactions to macroscopic behavior. By re-
lating these quantities to such macroscopic quantities as tem-
perature and pressure, it is possible to treat � uids as a contin-
uous distribution of matter without explicitly considering the
discrete, molecular constituents. Formulations such as Suth-
erland’s law and the power laws for viscosity and thermal con-
ductivity relate these thermophysical properties of � uid to non-
linear functions of temperature. Molecular-force interactions
are used to de� ne numerical constants at characteristic tem-
peratures. These formulations may then be used to extrapolate
values for thermal conductivity and viscosity for temperature
ranges around the characteristic temperature.

From the kinetic theory of gases, it is possible to derive
expressions for thermal conductivity and viscosity that use mo-
lecular properties to compute values for these quantities. By
considering the low density limit of gases, Chapman and
Cowling17 found that viscosity may be expressed as18

2m = C ( TM /s V ) (1)Ïm v

where Cm has a value of 2.68 3 1026 Aº 2/(m ? s)? (kmol ?kg/K)1/2.
The low-density limit of a gas is de� ned as the region where
ternary and greater molecular collisions may be neglected. At
this limit, temperature has a much greater in� uence in deter-
mining viscosity and thermal conductivity than pressure. From
a derivation similar to that used for viscosity, White18 obtained
an expression for thermal conductivity as

2k = C [ (T /M )/s V ] (2)Ïk v

where Ck has a value of 8.33 3 1022 Aº 2?m/s3?[(kg/K)3/kmol]1/2.
These thermophysical property formulations were derived for
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Fig. 1 Schematic of the � ow geometry.

use with the SI system of units. The collision integral describes
the approximate intermolecular force potential between mole-
cules with a given effective collision diameter of s. For non-
interacting molecules, it attains a value of unity. From accepted
theories for collision integrals, White developed a curve � t for
the collision integral as

2 0.145 2 2.0V ’ 1.147(T/T ) 1 [(T/T ) 1 0.5] (3)v e e

from existing data for the Stockmayer potential function.18 Te

is an effective temperature characteristic of the force potential
and intermolecular forces between molecules of the gas. White
found that the accuracy of the expression given by Eq. (3) lies
within two percent of the existing data. The expressions for
the viscosity and thermal conductivity may be manipulated to
yield the more familiar forms of Sutherland’s law and the
power law for the respective thermophysical properties.

Heat conduction behavior in the transitional regime has been
treated as an intermediate function of the asymptotic processes
of continuum-based heat transfer and free-molecular heat
transfer.19 The continuum model is based on Fourier’s law of
heat conduction through a � uid. The free-molecular model cal-
culates heat transfer by the number of molecules moving from
a hot to cold surface, independent of the distance separating
the two surfaces. This model assumes that the effect of inter-
molecular collisions is negligible. By using the Knudsen num-
ber to weight the contributions of the two models, an approx-
imation to the true heat � ux in the transitional regime is
interpolated. This approach has been shown to agree well with
experimental data for heat transfer through rare� ed argon and
helium. Sherman’s interpolation formula20 based on this ap-
proach is written as

21
1 1

q = 1 (4)S Dq qFM c

where qFM is de� ned as21

s g 1 1 RT
q = 2 p (T 2 T ) (5)FM h 2hÎ2 2 s g 2 1 8pTT

for parallel walls. Assuming that the temperature difference
divided by a characteristic length for the free molecular heat
� ux may be approximated as the temperature gradient of the
continuum heat � ux formulation, an expression for effective
thermal conductivity may be derived as21

k
k = (6)N

2 2 s 2g l/LT c
1 1 2

s g 1 1 PrT

This effective thermal conductivity is composed of the thermal
gradient coef� cients in the expression for heat � ux given by
Eq. (4). From inspection of this formulation, it may be noted
that as the Knudsen number becomes small, the effective ther-
mal conductivity approaches the thermal conductivity pre-
dicted by continuum-based formulations. As the Knudsen
number becomes large, the heat � ux approaches the free mo-
lecular values and the effective thermal conductivity ap-
proaches zero. It may be noted that this formulation requires
use of the Prandtl number Pr, and the molecular mean free
path l. As these quantities are not independent of temperature
and pressure, the de� nitions are substituted into Eq. (6) to yield

1
k = (7)N

1 2 2 s 2g 1 pRTT
1 2S Î Dk s g 1 1 hC p 2T p

Thus, this formulation is capable of simulating variations in
the local effective thermal conductivity caused by the variation
in noncontinuum-based behavior across the � ow� eld.

Model Problem
Consider pressure-driven Poiseuille � ow as shown in the

� ow geometry model of Fig. 1. A linear pressure gradient is
assumed in the x direction. Temperature and velocity are as-
sumed to be functions of y only. The general x-momentum
equation and energy equation for the model problem may be
written as11

­p ­t ­t11 12
1 1 = 0 (8)

­x ­x ­y

­q ­q ­u1 2
1 1 t = 0 (9)12

­x ­y ­y

Conservation of mass and y momentum was ensured during
derivation of Eqs. (8) and (9) by substitution of the mass and
y-momentum equations into the general x-momentum and en-
ergy equations.11 Substituting the Navier– Stokes approxima-
tions for the shear-stress tensor and the heat � ux vector and
simplifying the resulting expressions yields the following gov-
erning equations for momentum and energy transport within
the speci� ed � ow� eld:

2­p ­m ­u ­ u
2 2 m = 0 (10)2­x ­y ­y ­y

2 2­u ­k ­T ­ T
m 1 1 k = 0 (11)S D 2­y ­y ­y ­y

The decision to use a linear pressure distribution in the x di-
rection was partially based on the observation that the nonlin-
earity of the pressure gradient decreases with increasing rare-
faction.10 The complexity of the model problem was also
signi� cantly reduced through assumption of a linear pressure
distribution.

The Maxwell/Smoluchowski boundary conditions22 for the
model problem are given for y = 2h as

2 2 s duv
u = l (12)Us dyv 2 h

l 2 2 s 2g dTt
T = T 1 (13)0 UPr s g 1 1 dyt 2 h

and for y = h as

2 2 s duv
u = 2l (14)Us dyv h

l 2 2 s 2g dTtT = T 2 (15)1 UPr s g 1 1 dyt h

The thermal creep component has been removed from the ve-
locity boundary conditions through the assumption of isother-
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Table 1 Default parameters
for the test cases

Kn 0.165 dp/dx 21000 kPa/m
Pr 2/3 DT 2100.0 K
s 2.551 Aº T0 314 K
g 5/3 Te 0.7173 K
M 4.003 —— ——

Table 2 Properties for validation simulations

Property Value

One-half channel height, h 0.665 mm
Channel width, w 52.25 mm
Knudsen number, Kn 0.165
Number of grid points, N 201
Specular re� ection coef� cient, sT, sv 1
Temperature of lower wall, Tw,2h 314 K
Temperature of upper wall, Tw,h 314 K

Fig. 2 Results for validation simulations.

mal walls. This condition was applied for the purpose of val-
idation with previously published results. The difference in
signs for the derivative at the upper and lower walls is a result
of the direction of the vector normal to those walls. In this
paper, the assumption of unity for both accommodation coef-
� cients has been justi� ed based on information found in Stein-
heil et al.23

For numerical solution, the governing equations were dis-
cretized through the use of second-order-accurate, � nite dif-
ference formulas. Center difference formulas were substituted
for the derivatives in the governing equations. The discretized
Maxwell/Smolushowski boundary conditions were used to de-
� ne image points beyond the solid interfaces. These image
points were then used in the governing equations for points on
the boundaries. The preceding formulation resulted in a set of
nonlinear differential equations. Solutions for these equations
were obtained by Picard iteration on the linear terms of the
governing equations while lagging the nonlinear thermophys-
ical property formulation values. This allowed the set of equa-
tions to be solved in tridiagonal form. This process was con-
tinued until the successive solutions for velocity and
temperature converged to a tolerance near machine precision.
For the cases where noncontinuum effects on thermophysical
properties were investigated, the effective thermal conductivity
kN was substituted for the traditional k in the energy equation.

Results
Prior to running numerical experiments, a grid function con-

vergence test was undertaken to determine an optimum grid
spacing that would ensure grid independence in the solutions.
By comparing the results of a series of successively � ner grids,
it was found that second-order accurate results were obtained
for both thermal conductivity property model formulations
with 201 grid points across a microchannel of 1.33 mm for the
largest temperature and pressure gradients investigated. Thus,
201 grid points were used for all cases presented in this paper.

Additional tests were also performed to examine the solution
stability of the numerical formulations used in this investiga-
tion. The solution convergence was checked by varying the
initial approximations to the correct solutions in the iterative
process. No quantitative differences were observed between
the solutions for the different initialization sets. Also, the use
of relaxation factors in the iterative solution process did not
cause any quanti� able differences in the solution sets. The re-
sults from these tests were felt to be suf� cient to guarantee
convergence to a unique solution.

Table 1 lists the default parameters for the cases run in this
investigation. Quantities that were varied during the numerical
experiments discussed here are explicitly shown on the plots
or are stated in the related text. Helium was used as the work-
ing � uid for this investigation because of its monatomic nature
and the close association of its property values with those of
an ideal gas. The temperature of the bottom wall was used as
the reference temperature T0. DT was de� ned as the temperate
difference between the top wall and the bottom wall; negative
values indicate a cooler top wall than the lower wall.

For validation purposes, experimental mass � ow rate data,
from Arkillic et al.,7 were used to assess the accuracy of the
Navier– Stokes formulation. Note that there are several differ-
ences between the � ows studied in the numerical simulations
and the experiment. The � rst is the fact that the simulation
formulations are based on governing equations derived for a
two-dimensional Poiseuille � ow. Three-dimensional effects are
not considered by the numerical formulations presented here.
The second difference is that the total pressure drop from
microchannel inlet to outlet divided by the total channel length
from the experiments was used to de� ne the local pressure
gradients for the numerical simulations. The experimental ap-
paratus was not instrumented to provide data on the pressure
distribution along the length of the microchannel. While Bes-
kok et al.10 observed that increasing rarefaction effects ap-

peared to decrease deviation from a linear pressure gradient in
microscale � ows, the nonlinearity of the pressure gradient
along the total length of the microchannel may not be small
enough to be considered negligible, particularly with increas-
ing pressure ratios, for the rare� ed � ows considered here (Kn
= 0.165). A graph of the simulation results vs the experimental
data is given in Fig. 2. Relevant parameters for the validation
simulation are given in Table 2. From this graph, it is seen
that all of the simulation results are uniformly larger than the
experimental results. It may also be observed that the differ-
ence between the experimental results and the simulation re-
sults increases with increasing pressure ratio. Despite these
factors, the numerical simulations agree within 5% of the ex-
perimental data. Because of this, the numerical formulations
were felt to be validated by the experimental data. The plots
of the various formulations considered here are indistinguish-
ably close.

Additionally, the code was validated by comparison with
analytical solutions for the momentum and energy equations.
The solutions were obtained by assuming that gradients in vis-
cosity and thermal conductivity terms were negligibly small.
By making this assumption, Eqs. (10) and (11) could be writ-
ten as

2­p ­ u
2 m = 0 (16)2­x ­y

2 2­u ­ T
m 1 k = 0 (17)S D 2­y ­y
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Fig. 4 Normalized effective thermal conductivity as a function
of Knudsen number.

Fig. 5 Friction factor as function of pressure gradient and Knud-
sen number.

Fig. 6 Stanton number as function of pressure gradient and
Knudsen number.

Fig. 3 Thermal conductivity as a function of temperature.

Using the Maxwell/Smoluchowski boundary conditions and
assumptions given previously, Eqs. (16) and (17) could be
solved as ordinary, second-order differential equations to yield

1 ­p 2 2 sv2 2u( y) = y 2 h 2 2 lh (18)S D2m ­x sv

2

1 ­p 2 2 s 2g lT4 4 3T ( y) = y 2 h 2 4 hS D S D12mk ­x s g 1 1 PrT

T 2 T T 1 Tw,h w,2h w,h w,2h
1 y 1 (19)

22 2 s 2g lT
2 h 1S Ds g 1 1 PrT

Arkilic and Breuer5 and Beskok and Karniadakis9 validated
similar solutions up to the edge of the slip-� ow regime near
the transition regime. Comparison of the numerical solutions
to the analytical solutions did not reveal any discernible dif-
ferences over the range of applicability of the analytical so-
lutions for the traditional thermal conductivity test cases. The
temperature solutions for the noncontinuum thermal conduc-
tivity test cases did deviate slightly for the largest Knudsen
numbers investigated in the comparison, though the deviation
was less than 1%. Thus, the numerical formulations were as-
sumed to be validated over the continuum and slip-� ow re-
gimes.

Figure 3 shows values of thermal conductivity as a function
of temperature and Knudsen number for the true thermal con-
ductivity and effective thermal conductivity formulations. As
may be seen from Fig. 3, all cases of thermal conductivity
increase with increasing temperature. It may be noted, how-
ever, that the rate of increase decreases slightly with increasing
temperature for the true thermal conductivity and the effective
thermal conductivity for Kn = 102 3. However, increasing
Knudsen numbers decreases this nonlinearity. For the larger
Knudsen number cases investigated, effective thermal conduc-
tivity was proportional to temperature. The effective thermal
conductivity decreased with increasing Knudsen numbers. Fig-
ure 4 shows effective thermal conductivity normalized by the
true thermal conductivity as a function of Knudsen numbers
for a temperature of 323 K. As may be seen from the plot,
effective thermal conductivity is a nonlinear function of Knud-
sen numbers.

Figures 5 and 6 show plots for the friction and Stanton num-
bers as functions of Knudsen numbers and pressure gradients,
respectively. The pressure gradient was increased by an order
of magnitude from 2105 to 2108 Pa/m. Each increase in mag-
nitude of the pressure gradient resulted in a proportional de-
crease in friction factor and Stanton number for the range of
Knudsen numbers shown. The friction factor and Stanton num-

ber showed similar behavior as Knudsen numbers increased
from 102 3 to 102 2. For Knudsen numbers above 102 2, the rates
of decrease for the Stanton number and friction factor as func-
tions of Knudsen numbers increased in a nonlinear fashion for
increasing Knudsen numbers. It may be observed from Fig. 6
that the rate of decrease in Stanton number is greater for the
effective thermal conductivity formulations than it is for the
traditional thermal conductivity relations for Knudsen numbers
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Fig. 7 Friction factor as function of temperature difference and
Knudsen number.

Fig. 8 Stanton number as function of temperature difference and
Knudsen number.

Fig. 9 Average velocity as function of Knudsen number.

Fig. 10 Average temperature as function of Knudsen number.

greater than 1022. The plots of friction factor do not exhibit
this behavior, however.

Figures 7 and 8 show graphs of the friction factor and Stan-
ton number as functions of temperature differences between
the upper and lower surfaces and Knudsen numbers. As may
be observed from the plots, neither friction factor nor Stanton
number are noticeably affected as the magnitude of the tem-
perature difference is increased from 1022 to 101. When the
magnitude of the temperature difference is increased from 101

to 102, the friction factor and Stanton number decrease by ap-
proximately 36 and 66%, respectively, for Knudsen numbers
less than 1022. For Knudsen numbers above this point, the
differences between the pro� les decrease until they reach val-
ues of approximately 29% for the friction factor and 18% for
the Stanton number at Kn = 1. This would seem to indicate
that increasing rarefaction effects tend to mitigate temperature
gradients within the � uid. This is further illustrated by the
decrease in the friction factor and Stanton number with in-
creasing Knudsen numbers. The rate of decrease increases in
a nonlinear manner above Kn = 0.01 as noncontinuum effects
become more signi� cant in determining � uid behavior. This
would seem to be as intuitively obvious as it would be ex-
pected that the temperature of the � uid across the channel
would reach an average pro� le with increasing rarefaction ef-
fects. As seen in Figs. 6 and 8, the use of the modi� ed thermal
conductivity formulations produced Stanton numbers that were
smaller than those obtained with traditional formulations for
Knudsen numbers greater than 1022. For Kn = 1, the Stanton
numbers differed by approximately 140%. Again, the friction

factor was not signi� cantly affected by the use of the effective
thermophysical properties. The plots for the two thermophys-
ical formulations lie indistinguishably close as shown on Figs.
5 and 7.

Figures 9 and 10 show average velocity and temperature
across the � ow� eld as the Knudsen number is increased from
1023 to 1. As may be observed from Fig. 9, average velocity
was not signi� cantly in� uenced by variation of the thermal
conductivity models. The average velocity within the � ow� eld
remains fairly constant for Knudsen numbers less than 1022,
by increases exponentially above that point. The average tem-
perature does show a dependence on the thermophysical prop-
erty model. The traditional thermal conductivity formulation
remains fairly constant at 265.6 K for Knudsen numbers less
than 102 2, after which point it decreases until it reaches a value
of 263.2 K. The effective thermal conductivity formulation ex-
hibits a small rate of decrease until Kn = 102 2, after which
point the rate of decrease increases until approximately Kn =
0.6, after which it attains a value of approximately 261 K. This
reduction would appear to be physically reasonable as heat
conduction and viscous dissipation would be expected to de-
crease with increasing noncontinuum effects.

Figure 11 shows the temperature jump conditions at the up-
per and lower walls. From comparison with Fig. 10, it may be
seen that the temperature difference between the temperature
of the � uid at the boundary and the average temperature re-
mains approximately equal for the traditional and effective
thermal conductivity formulations. It may also be noted that
this difference decreases with increasing Knudsen numbers.
From this behavior and that exhibited by average velocity as
a function of Knudsen numbers, it may be observed that in-
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Fig. 11 Temperature slip as function of Knudsen number.

creasing noncontinuum effects result in a decrease in heat � ux
per unit volume of � uid per unit time. This indicates reduced
thermal transport capabilities for microscale � ows in the tran-
sition regime, as would be expected.

From Figs. 10 and 11, it may be seen that the use of the
modi� ed thermal conductivity relation does not cause a sig-
ni� cant change in magnitude in the difference between the
average temperature of the � uid and the temperature of the
� uid immediately adjacent to a boundary when compared to
the case for the traditional thermal conductivity relation. How-
ever, Figs. 6 and 8 show a signi� cant difference between the
plots for a Stanton number using the traditional and effective
thermal conductivity relations for the largest Knudsen numbers
investigated. This reveals that the formulation for thermal con-
ductivity relation can be the most signi� cant factor in describ-
ing the thermal transport characteristics of microscale � ows.

From the behavior exhibited by the noncontinuum thermal
conductivity formulation plots, it is seen that the use of a
weighting function based on Knudsen numbers has the effect
of causing a decrease in thermal conduction at the microscale
levels. The reason for this is the signi� cance of molecular-
surface interactions in comparison to pure molecular interac-
tions. The derivation of the traditional formulation for thermal
conductivity does not explicitly consider the possibility that
the number of molecule-surface collisions could be of the same
order as molecule– molecule collisions. By this, the thermal
conduction coef� cient used in continuum-based � ows could
be viewed as the maximum thermal conduction capacity of the
� uid. The possibility of the � uid achieving this maximum in-
creases with the number of molecular collisions. However, in
microscale geometries, surface effects dominate molecular col-
lisions, causing thermal transport interactions between solid
surfaces and molecules to predominantly govern thermal con-
duction.

Conclusions
From the results presented here, it is seen that modi� cation

of the thermal conductivity has a signi� cant impact on pre-
dicted heat transport by microscale � ows. Increasing rarefac-
tion causes a decrease in heat � ux per unit volume of � uid.
Results from the effective thermal conductivity models indi-
cate that traditional formulations of thermal conductivity un-
derestimate this phenomenon. It was shown that the decrease
in the effective conductivity with increasing Knudsen number
was signi� cant when compared to equivalent values from the
traditional thermal conductivity formulation. However, the ef-
fective thermal conductivity does not signi� cantly affect mo-
mentum transport by the � uid. The differences in temperature
predicted by the modi� ed model and the traditional model did
not cause a signi� cant change in viscosity that would notice-
ably affect the � ow behavior.

The lack of any appreciable in� uence on momentum trans-
port reveals a need for further research in thermophysical prop-
erty models for microscale � ows. Research in free-molecular
� ows has shown that � uids exhibit viscous behavior that would
not be expected from calculations involving traditional for-
mulations of thermophysical properties. However, results ob-
tained from use of an effective thermal conductivity does not
reveal this trend for momentum transport with increasing
Knudsen numbers as it does for thermal transport. This would
seem to indicate that further research is needed in the area to
develop a formulation for effective viscosity equivalent to that
of thermal conductivity. As such, the formulation for effective
viscosity would serve to asymptotically transition from contin-
uum viscous behavior to free-molecular viscous behavior. The
development of such a formulation should effectively extend
the range of applicability of the Navier– Stokes equations into
the transition regime.
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